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We consider inequalities of the form 
s 
u* ds < C 
aa s 
(u” + u,~u,J dx (*I 
P 
for sufficiently regular functions u(x) defined on a bounded domain 9 in R”. 
The inequality (*) follows from the Trace Theorem in interpolation spaces and 
so is called a trace inequality. Information on the optimal constants C (which 
depend on the domain geometry) is obtained through consideration of associated 
eigenvalue problems. 
1. INTRODUCTION 
This paper is concerned with inequalities of the form 
s aR u2 ds < C D (u” + u,~u,~) dx, s 
for sufficiently regular functions u(x) defined on a bounded domain 52 in Rn 
(n > 1) with smooth boundary &Q. Here the usual Cartesian tensor notation 
is used, with subscripts preceded by a comma denoting differentiation with 
respect to the corresponding coordinate. The symbol x denotes the n-tuple 
(X 1 , x2 ,..., x~). The constant C in (1.1) depends only on the domain Q. 
Our primary interest is in investigating the dependence of C on the domain 
geometry. In particular, given the domain Q, a natural question that arises is to 
determine the optimal constant, denoted by Co, such that (1.1) holds. It is well 
known that explicit information on optimal constants in integral inequalities 
(generally characterized in terms of smallest eigenvalues of associated eigenvalue 
problems) is of major interest from the viewpoint of applications. We cite, for 
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example, the role played by isoperimetric inequalities in establishing a priori 
inequalities used to compute bounds for solutions for various problems in 
partial differential equations [26, 271. 0 ne of the motivations for the present 
work was provided by a recent paper of Berdichevskii [8] concerning Saint- 
Venant’s principle, in which decay rates for solutions of the equations of 
elasticity were obtained in terms of Co and optimal constants occurring in the 
Korn inequalities (see e.g. [14-l 61). A no th er recent application of the inequality 
(1.1) was made by Batra [7] in investigating a stability problem for solid-fluid 
interaction. The results of the present paper may be used to render the estimates 
obtained in [8] and [7] more explicit. As we shall discuss in the next section, 
the inequality (1.1) follows from the Trace Theorem in interpolation spaces 
(Lions and Magenes [22]), a central result in the theory of partial differential 
equations. In particular, trace theorems have been widely used in establishing 
the foundations of the finite element method (see e.g. [I, 2, 23, 24, 251). Thus 
the results obtained herein may be used to furnish explicit estimates in finite 
element analyses. 
In the next section, we briefly recall the Trace Theorem and deduce the 
inequality (1.1) as a special case. A related inequality is discussed. In Section 3, 
using a variational approach, we characterize the optimal constants Co in terms 
of the smallest eigenvalue of associated eigenvalue problems. For the case of a 
circle in R2, we calculate Co exactly. Before considering the problems of obtain- 
ing bounds for Cn , which occupy the remainder of the paper, we consider a 
one-dimensional version of (1.1) of Section 4. In this case, a direct proof of the 
inequality is readily given. Isoperimetric upper and lower bounds for Co for 
star-shaped domains in R2 are obtained in Section 5. Further bounds are 
discussed in Section 6. We conclude by making some remarks concerning 
recent works [4, 51 on eigenvalue problems which are related to the present 
investigation. 
2. TRACE INEQUALITIES 
For an integer m > 0, let H”(Q) denote the Hilbert space with inner product 
with norm 
I’ u llm,a = (u, 4za 3 (24 
where a = (cyr , C+ ,..., cr,),oci30integer,IaI=or,+~,+...cu,andDau= 
am4jaq ax2 ... ax>. We identify Hm(.Q) with the Sobolev space Wzm(Q). 
The Trace Theorem of concern here may be stated as follows: 
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THEOREM 1 (Trace Theorem). Let u E Ha(Q), where Q has a smooth bound- 
ary 3.Q. Let yj , 0 <j < m - 1 denote the trace operators 
a44 
yP = ani On a-Q, O<j<m-1, 
where n is the direction of an outward normal to XI. Then there exist constants 
Cj > 0 such that 
For a proof of this theorem, see Lions and Magenes [22], Aubin [l] or Oden 
and Reddy [25]. 
We note that even for integral values of m, the left hand side of (2.4) will in 
general require the introduction of fractional Sobolev spaces (see e.g. [ 1, 22, 23, 
24,251). The theorem provides the extension of each trace operator to continuous 
linear operators mapping H”(Q) onto Hm-j-1/z(8Q). It can be readily verified 
that the inequality (1.1) follows from (2.4) on choosing m = 1, j = 0 and letting 
C, = C. Thus we are justified in referring to the inequality (1.1) as a truce 
inequality and we use this terminology henceforth. We remark that the proofs 
of the above theorem in [l, 22,251 do not furnish any information on the domain 
dependence of the constants Cj in the inequality (2.4). 
We now consider an inequality closely related to (1 .l) in which the multi- 
plicative constant for the two terms on the right hand side is different. We state 
this result as 
THEOREM 2. Let u E S(Q). For any E > 0, there exists a positive constant C(C) 
(depending only on E, Q) such that 
l,n u2 ds < C(C) s, u2 dx + E jD u,$u,~ dx. (2.5) 
Proof (For Q star-shaped). Suppose that Q is star-shaped so that 
x.n>ol>O. (2.6) 
By the divergence theorem and (2.6) 
ja (u”x~>,~ dx = in u2xini ds > cy lD u2 ds. (2.7) 
But 
jn (u”A& dx = IQ (nu2 + 2uu,& dx, cw 
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and using 
2UX,“,i < - l ( ax 
U2XiXi) $ LYEU,iU,i , for any E ;; 0, (2.9) 
we obtain 
s, (u’xi).i dx < in + &) i’ u* dx + O(E J^ u,~u,~ dx, (2.10) 
R R 
where xixi < r* on L?. From (2.7) and (2.10) we obtain (2.5) with 
and so the proof is complete. 
We note that the foregoing proof may be readily modified to provide a value 
for C for which (1.1) holds for star-shaped Q. 
For a proof of Theorem 2 for arbitrary Q, see Fichera [lo], [ 111. An inequality 
of the form (2.5) has been used by Bandle and Sperb [3] to establish the bound- 
edness of an operator involving the Robin function. Inequalities of this type have 
also been used by Bramble and Payne (see e.g. [9]) in obtaining explicit a priori 
bounds for solutions of second-order elliptic partial differential equations. 
Trace inequalities of the form (2.5) have some advantages over (1.1) in applica- 
tions (see e.g. [2]). G’ rven a value of E, it is natural to seek an optimal value of c(c) 
in terms of the geometry of SJ. We return to this question briefly in the final 
section of this paper. 
3. VARIATIONAL APPROACH AND ASSOCIATED EIGENVALUE PROBLEM 
We return to the inequality (1.1) w ic h h is of main concern in this paper. It is 
important to note that, other than appropriate regularity conditions, no side 
constraints are imposed on the functions u. If additional side conditions are 
imposed, then stronger inequalities follow. Thus, for example, under the 
constraint 
J - uds=O, an (3.1) 
we have the well-known Stekloff inequality (see e.g. [19-21, 28, 301 and the 
references cited therein) 
s 1 a u* ds < - J P R u,*u,~ dx. (3.2) m 
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The optimal constant in (3.2) is given by p-l 3 p;l, where p, is the smallest 
eigenvalue of the Stekloff eigenvalue problem 
Ah = 0 on Q, &h=O on 852, (3.3) 
where A denotes the n-dimensional Laplacian. We refer to [19-21, 28, 301 and 
the references cited there for a discussion of various bounds for pa . The eigen- 
value problem (3.3) consists of the Euler equation and natural boundary condi- 
tion resulting from consideration of the inequality (3.2) from a variational 
viewpoint. Variational techniques have been used previously by the author to 
investigate the Korn inequalities [14-161, one-dimensional inequalities of 
Wirtinger type involving functions and their second derivatives [ 171 and Stekloff- 
type inequalities [ 181, [30]. 
It is convenient for our purposes here to rewrite the inequality (1.1) in a 
slightly different form to facilitate further comparison with the Stekloff inequality 
(3.2). We introduce the notation 
k, = (wn/nVn)21”, w,, = 2(%y~2/qz/2), n > 1. (3.4) 
where V, is the n-volume of 9 and r denotes the Gamma function. The quan- 




u2 ds < Ja (k,u2 + u,~u,~) dx, 
s 
the terms on the right hand side are dimensionally homogeneous and the optimal 
constant in (3.5), denoted by e, , has the same dimensions as p, , 
The eigenvalue problem associated with the question of minimizing the 
Rayleigh quotient 
Q(u) z j, (k,u2 + u,~u,~) dx/f u2 ds (3.6) 
an 
over all sufficiently smooth functions u is given by 
Aw- k,w = 0 on Q (3.7) 
au -- 
an ew=O on af2, 
where e denotes the eigenvalue parameter. By formally setting k, = 0, it is 
seen that we recover the Stekloff eigenvalue problem (3.3). Assuming the com- 
pleteness of the eigenfunctions of (3.7), (3.8), it follows that the smallest eigen- 
value is in fact the optimal constant e, in the inequality (3.5). 
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The eigenvalue spectrum for (3.7), (3.8) may be determined explicitly by 
separation of variables for particular geometries. Thus, for example, when R 
is a disc of radius a in R2, it may be readily verified that 
e, = (~2Y2 1, ((k2y2 4/41((~2)1'2 a>, (3.9) 
where Im denotes the modified Bessel function of order m. Thus, since k, = 
l/a2 from (3.4), we find that 
e1 =4(1Vd~) 4 (3.10) 
which lies in the range 
0.446/a < e, < 0.447/a. (3.11) 
Isoperimetric upper and lower bounds for e, (which are optimal for the circle) 
are derived in Section 5 for star-shaped domains. We recall that p, = l/u for 
the circle of radius a [26]. 
We conclude this section by noting that it can be shown from (3.7), (3.8), 
that er has the dual characterization as 
We make use of this latter formulation in Section 6 here. 
4. ONE-DIMENSIONAL INEQUALITY 
From (3.5), we expect that a one-dimensional version of the trace inequality 
would read 
4fW2 +fWl G Jo’ kf2 + WI k (4.1), 
for suitably regular functions f(x) defined on the interval [0, I]. Here we take 
[cf. (3.4)] 
k, = 4lF. (4.2) 
The inequality (4.1) may be established directly as follows. We have 
(4.3) 
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On carrying out the differentiation indicated in (4.3), (4.4), using 2ff’ < /3f 2 + 
,W(f ‘)2, for any /3 > 0, and adding the resulting inequalities, we obtain 
f(Oj2 +f(z>” < 2f (4” + J” [pf” + /wf’>21 & (4.5) 
0 
Integrating both sides of (4.5) from 0 to E, we find that 
B[ff(O>2 +f CO”1 d (21-l + B> B ~oz,2 dx + joz VI2 dx. (4.6) 
We now choose p > 0 such that 
p(p + 21-l) = k, = 41-a. (4.7) 
Thus we have established the inequality (4.1) with a value of e given by 
e = j? = (51j2 - 1) Z-l + 1.2361-l. (4.8) 
The one-dimensional analog of the eigenvalue problem (3.7), (3.8) is given by 
fc - iz,f = 0 in P, 4 (4.9) 
f’ = -ef at x = 0, f’=ef at x=Z. (4.10) 
From this, it can be shown that the smallest eigenvalue e, (in fact, there are 
only two) is given by 
er = 2Z-l{coth 2 - [(coth 2)2 - 1]1/2}, (4.11) 
which lies in the range 
1.5221-r < e, < 1.5231-l. (4.12) 
We note that a one-dimensional Stekloff eigenvalue problem is considered in 
[21], where it is shown that p, = 21-l. One-dimensional inequalities can be 
used to investigate their multi-dimensional counterparts (see e.g. [13, 211 and 
Section 5 here) but we shall not pursue this. 
5. ISOPRRIMETRIC BOUNDS ON el FOR STAR-SHAPED DOMAINS 
In this section we confine our attention to domains 52 in R2 which are bounded 
by a single star-like curve LX?. Thus, in terms of polar coordinates (r, 13) with 
a suitably located origin, aQ has a non-parametric representation 
+ = g(4, (5.1) 
where g(0) is continuous with piecewise continuous derivatives, 
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We now consider the problem of obtaining upper bounds for e, , following 
ideas of Garabedian [12, pp. 41&412] for the membrane eigenvalue problem. 
We seek trial functions 21, for use in the Rayleigh quotient (3.6) which are functions 
of the variable p defined by 
P = aw (5.2) 
Let h = h(8) be the distance from the origin to the tangent of &J at the point 
with polar coordinates T = g(B) and 8. Then, it follows from (3.5) that (cf. [12]) 
where L denotes the length of the perimeter of X?. Here k, = m/A on using 
(3.4), where A denotes the area of Q. Consideration of the Euler equations 
associated with the problem of minimizing the numerator on the right hand side 
of (5.3) leads to the choice 
+P) = 42 [ (2v/j-a $)““I . (5.4) 
On substitution in (5.3), we obtain the upper bound 
When JJ is a disc of radius a, L = 2ra, San dsjh = 277 and we obtain equality 
[see (3.1011 in (5.5). 
We obtain an isoperimetric lower bound for e, using a technique due to 
Kuttler and Sigillito for the Stekloff problem [19]. For the star-shaped domain 
a, the Rayleigh quotient Q(u) may be written, on using the change of variables 
v = 0, p = r/g(e), as 
.fi” 4.k P + W’k”) u,* - CWhg) uou, + tlh2) u-z2 +hg2u21 P 4
JT u2(g2 + g’2)“2 dy (5.6) 
On obtaining a lower bound for the quadratic form in U, , p-k, , this can be 
shown to be greater than or equal to 




iIf = min ’ - 1 + (1 + 4 min(g!g’)2)1/*  (min g*) k2/ . (5.8) 
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The integrals in (5.7) constitute the Rayleigh quotient Q(u) on the unit disc. 
Thus, on using (3.10), we obtain the lower bound 
e, >, M(max(g2 + g’2)1’2)-1 I,(l) I,‘(l), (5.9) 
for all star-shaped domains 52. When D is a disc of radius a, g(8) = a, g’ = 0, 
K, = l/a2, M = 1 and we obtain equality in (5.9). 
6. OTHER BOUNDS FOR e, 
Upper bounds for e, are of course derivable from using various trial functions 
in the Rayleigh quotient Q(u). Considering domains Q in R2, the simple choice 
u = constant in Q yields the result 
e, < k, A/L = rr/L. (6.1) 
For a disc of radius a, (6.1) provides the upper bound OS/a; the exact result is 
given in (3.10). For convex domains Q, with curvature K, we use the Gauss- 
Bonnet formula 2~ = Jan K ds to deduce from (6.1) that 
(6.2) 
An isoperimetric bound of this type for p, was obtained by Payne in [28]. 
We now consider a modification of a technique due to Barta [6] to provide 
upper and lower bounds for e, . Letf be a sufficiently smooth function, positive 
on Q u 38 in Rn and satisfying 
Af-kk,f=O on Q. (6.3) 
Multiplying (6.3) by f, integrating over Q and using the divergence theorem, we 
obtain 
j-, f 2 as = s, (knf 2 + f.if.0 dx. 
Since f satisfies the constraint (6.3) we may use the dual characterization of e, 
in (3.12), to deduce from (6.4) the inequality 
that is, 
af -l af s ( &an e1 --f) ds > 0 an 
for all positivef satisfying (6.3). Th us we infer from (6.6) that both terms in the 
409/69/I-16 
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integrand are of the same sign on a set C C Xi of positive measure. Suppose that 
afi&z > 0 at a point X, on C. Then it follows that, 
e < LfE at 
1 '. f 
x_ . 
Similarly, if 6fjiYn < 0 at a point X_ on C, we find 
e, > 
afal at -L- 
f 
.r- . 
Thus, we conclude that 
(6.9) 
for all positive f satisfying (6.3) which is an inequality of Barta type [6]. Of 
course, we obtain equality on both sides of (6.9) if, in addition to (6.3) f is chosen 
to satisfy the boundary condition (3.8). A n obvious analog of (6.9) clearly holds 
for the Stekloff eigenvalue p, . 
7. CONCLUDING REMARKS 
Finally we wish to draw attention to an interesting duality between the eigen- 
value problem (3.7), (3.8) f h’ f o c ie concern here and recent work of Bareket [4], 
Bareket and Rulf [5]. In [4, 51 the eigenvalue problem 
AW + hw =0 on Q, (7.1) 
a, 
an 
23.0 =0 on aQ> 
is considered for domains Q in R2, where z(x) is a given bounded function on &? 
and X is the eigenvalue parameter. When z is a positive function, the problem 
(7.1), (7.2) arises in the study of guided acoustic waves in fluids contained in 
elastic tubes [Sj. For z non-positive, (7.1), (7.2) is the familiar membrane 
eigenvalue problem. Spectral properties of (7.1), (7.2) have been discussed in [4]. 
In particular, for z > 0, the existence of a finite number of negative eigenvalues 
is established and the dependence of h on .a is investigated. For the case of 
constant z > 0, it is clear that the problem (3.7), (3.8) is the inverse of the 
problem (7.1), (7.2). The results contained in [4], [5] may be interpreted in the 
context of the present investigation. Thus, for given constant z :> 0, the 
variational characterization of the smallest eigenvalue h,(z) of (7.1), (7.2) leads 
to the inequality 
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for all sufficiently smooth functions u. This eigenvalue A, is negative [4]. We 
write (7.3) in the form 
(7.4) 
Thus with the identification 
x-1 = 6 -X,(z) z-1 = C(E), (7.5) 
we recover the trace inequality (2.5). Hence, for given constant z > 0 (or 
equivalently E > 0), the results of [4], [5] f urnish information on the optimal 
constants C(C) occurring in the trace inequality (2.5). 
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